SINGULAR SELF-AD JOINT BOUNDARY VALUE PROBLEMS
FOR THE DIFFERENTIAL EQUATION Lx=\Mx()

BY
FRED BRAUER

1. Introduction. Let L be a linear differential operator. Eigenfunction
expansions for self-adjoint boundary value problems associated with the
differential equation Lx=Ax on an infinite interval have been treated by
various authors, beginning with Weyl [4] in 1910. Boundary value problems
on a finite interval for differential equations of the form Lx =XMx, where M
is another linear differential operator whose order is less than that of L, have
been discussed by Kamke [3]. The purpose of the first part of this paper is
to improve the results of Kamke and to state them in a form suitable for the
study of boundary value problems on an infinite interval. In the remainder
of the paper the methods used by Coddington and Levinson [1] for the equa-
tion Lx=MAx are modified to study the equation Lx=AMx on an infinite
interval.

2. Self-adjoint boundary value problems on a finite interval. We consider
the problem Lx=AMx, Ux=0 on the finite interval I, a =¢<?b. Here Lx
=20 o pi()x, Mx= Y "o qi(t)x, are formally self-adjoint differential
operators, with p;(¢) and ¢.(¢) complex-valued functions with the properties
that pi(t) is of class C*=% on I, ¢i(t) is of class C™% on I, and po(f) and go(¢)
do not vanish on I. We also require that 0 Sm <#n—2. The boundary condi-
tions Ux=0 consist of #» linearly independent conditions of the form U;x
=01 [mpx® V(@) +npx®0(B) =0 (j=1, 2, - - -, n). A value of \ for
which a nontrivial solution exists is called an eigenvalue and a corresponding
nontrivial solution is called an eigenfunction. Let D be the set of functions of
class C* on I which satisfy the boundary conditions Ux=0. For any func-
tions u, v belonging to L?(I) the inner product (%, v) = [u(t)9(¢)dt is defined.
We assume the problem self-adjoint in the sense that (Lu, v) = (%, Lv) and
(Mu, v) =(u, Mv) for all u, vy&ED. We assume also that there exist real con-
stants >0 and K such that (Mu, u) 2d(u, ») and (Lu, u) = K(u, u) for all
ueD.

LEMMA 2.1. Either every complex number N is an eigenvalue for the boundary
value problem Lx =NMx, Ux =0 or there are at most countably many eigenvalues
with no finite limit point.
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Proof. Choose ¢ in a<c<b and let ¢;(¢, \) (j=1, - - -, n) be the solution
of Lx=XMzx such that ¢ P(c, N\)=8; (j, k=1, - - -, n), where 8 is the
Kronecker 8. Then every solution of Lx =AMx is a linear combination of the
¢;(t, N). If there are p and no more than p linearly independent eigenfunctions
for A=\, then every eigenfunction for A=\, can be written as a linear com-
bination of these p eigenfunctions, and it is clear that 1 £p =<#. The function
x(t, No) 1s an eigenfunction if and only if the coefficients ¢; can be chosen so
that if x(¢, No) = Z};l cp;(t, No), then Ux= Z}‘,l ¢;Ud;(t, o) =0. This can
be done if and only if A(\,) =0, where A(\) =det [U.p;(t, N) |. If the matrix of
A(N\o) has rank (n—p), then N, is an eigenvalue of order p and there are p
linearly independent eigenfunctions for Xo. Since the functions ¢ (¢, \)
are entire functions of N for each fixed ¢, in particular for t=a and =50, it
follows that A(\) is an entire function of N. Thus either A(\) =0, in which case
every complex \ is an eigenvalue, or there are at most countably many eigen-
values with no finite limit point, corresponding to the zeros of A(\).

Next, we consider the nonhomogeneous boundary value problem Lx
=AMx+f, Ux=0 for any function f continuous on I.

THEOREM 2.1. If for at least one value of N the problem Lx=NMx, Ux=0
has no solution except the trivial one, then there exists a unique function G(¢, 7, N)
defined for t, €I and all N except the eigenvalues, and having the following
properties:

(i) (0*G/ot*) (=0, 1, - - -, n—2) exist and are continuous in (t, 7, N) for
t, rE€1 and \ not an eigenvalue. Also, 3*G/dt* for k=n—1, n are continuwous on
aSt<rZ<band a<t<t=b, \ not an eigenvalue. For fixed t and 7 these functions
are meromorphic in \.

" 1G(r + 0,7,\) 9" 'G(r — 0,7,\) 1
gyt gt po(7)

(i)

(iii) As a function of t, G satisfies Lx =NMx if t#7.

(iv) As a function of t, G satisfies Ux=0 for a=<7=b.

(v) The nonhomogeneous problem Lx =NMx+f, Ux =0 has the unique solu-
tion [IG(t, T, N)f(r)dr, if N is not an eigenvalue, for any function f continuous
on I.

Proof. We define

B, N a(r, )
1 . .
K(t; T))‘) = for ¢ ;T
LG R P CR VI (B Y
o1(4, \) ce $a(t, N)

and K(¢, 7, \) =0 for t<7. The Wronskian W(¢y, - - -, ¢; 7) depends only
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on 7 since W(gs, * * -, ¢a; 7) = exp—[i(p1(s)/po(s))ds. Since the determinant
in the numerator vanishes when any two rows are identical, it is clear that
(0’°K/0t))(r+0, 7, \)=0 (j=0, 1, - - -, n—2), so that 87K /d¢’ is continuous
in (¢, 7, \) for j=0,1, - - - , #n—2; ¢, 7&I; and all \, as well as entire in A for
fixed (¢, 7). For j=n—1 or n, 3’K/dt is continuous in (¢, 7, ) for all X and
a<7t=<t=Zbora=st<t=b. At t=r1, 9" 'K /3" ! has a simple discontinuity of
magnitude 1/po(7). For t=#7, LK =NM.,K, the subscripts indicating that the
differentiations are with respect to ¢. It follows that [0K (¢, 7, N)f(7)dr is of
class C" in t, entire in X for fixed ¢, and satisfies Lx =XMx+f. We now modify
K(t, 7, N\) so that the boundary conditions Ux=0 are also satisfied. We let
G, 7, \)=K(t, 7, \)+ 2 7_1 ¢;¢;(t, \) and attempt to choose the ¢; so that
UG = 0 for fixed 7. Then for 2 =1, - -, n we must have UG = UK
+ Z}Ll ¢;Uip; =0. The determinant of this linear system is A(\), which does
not vanish unless A is an eigenvalue. Thus the ¢; are determined as functions
of (r, A) continuous for 7& I and all X which are not eigenvalues, and mero-
morphic in N for fixed 7. It is clear that [G(¢, 7, N)f(r)dr is a solution of the
nonhomogeneous problem. Since the difference between any two solutions of
the nonhomogeneous problem satisfies Lx=AMx, Ux=0 and N is not an
eigenvalue, this solution is unique. It remains only to prove that G(¢, 7, \)
is unique. If there were two functions G and G with the above properties for
some X which is not an eigenvalue, then as a function of ¢, G—G would be of
class C*~! and would satisfy Lx =AMx for ¢>%7. Then G—G would be of class
C. Since \ is not an eigenvalue, G—G would vanish identically, and thus G
is unique.

The function G(¢, 7, N) is called the Green'’s function of the boundary value
problem. If A=0 is not an eigenvalue, then G(¢, 7, 0) exists. This function
will be denoted by G(¢, 7). The unique solution of Lx=f, Ux=0 is

j;bG(t, )f(r)dr.

Two functions #, v&D will be called orthogonal if (Mu, v) = (u, Mv)=0.

THEOREM 2.2. The boundary value problem Lx=\NMx, Ux=0 has at most
countably many eigenvalues which are all real and have no finite limit point in
the N-plane. If there exist eigenvalues, they can be arranged in a sequence
A Ng, - - - with MM =N = - - - . There is a corresponding sequence of eigenfunc-
tions x; which can be chosen orthonormal in the sense that (Mx;, xi) = ;.. Every
eigenfunction belonging to an eigenvalue can be written as a linear combination
of the finite number of x; belonging to this eigenvalue.

Proof. Let N\ be an eigenvalue and x, a corresponding eigenfunction.
Then Lxo = NeMx, and by the self-adjointness conditions, (Lx,, o)
=)\0(ng, xo), (x(), on) = (xo, XOMxo) =>-\o(xo, Mxo) = Xo(Mxo, xo). This imphes
(Mo—Xo) (Mxy, x4) =0, and since (Mx,, xo) Z0, N\o=RXo, so that \o is real. Next
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we show that eigenfunctions corresponding to different eigenvalues are or-
thogonal. Let x; be an eigenfunction with eigenvalue A; and x; an eigenfunc-
tion with eigenvalue Ng. Then 0 = (Lxy, x2) — (1, Lxs) =N (Mxy, x2) —No(261, M)
= (A1 —Ng) (Mx1, x2). Since Ai5%£\,, %1 and x; are orthogonal. There is a finite
number of linearly independent eigenfunctions corresponding to any eigen-
value, and these may be replaced by an orthogonal system of eigenfunctions,
using a well-known procedure, such that any eigenfunction corresponding to
this eigenvalue is a linear combination of these orthogonal eigenfunctions.
Since all eigenvalues are real, not all A are eigenvalues, and Lemma 2.1 may
be applied. If Ao is any eigenvalue and x, a corresponding eigenfunction,
(Lxo, %0) =No(Mxo, x0), and since (Lxo, xo) = K(x0, x0), (Mxo, %0) =d(x0, Xo),
it follows that N¢= K/d. Thus the eigenvalues are bounded below and can be
arranged in an increasing sequence. This completes the proof of the theorem.

To prove the existence of eigenvalues we require some properties of the
Green’s function. We have already seen that for fixed ¢, 7, G(¢, 7, N) is a mero-
morphic function of N, analytic in any region where A(A)#0, and that the
zeros of A(N) are isolated.

LEMMA 2.2. If \ is not an eigenvalue and t, 11, then G(t, 7, ) =G(7, t, N).

Proof. Let f, g be continuous on I and define %(¢) =[iG(¢t, 7, Nf(r)dr,
v(t) = 2G(t, 7, Ng(r)dr. Then u, vED and Lu—XMu=f, Lv—A\Mv=g, by
Theorem 2.1. Now (f, v) = (Lu—AMu, v) = (Lu, v) —N(Mu, v) = (u, Lv—\Mv)
= (u, g). Thus [22G(t, 7, N)f(1)g(t)drdt = [2[3G(r, t, N)f(7)g(t)dtdr for all con-
tinuous f, g, and this implies G(¢, 7, X) =G(r, ¢, \).

LEMMA 2.3. Let \o be a zero of A(N) of any order k. Then G(¢, T, \) has, at
worst, a pole of order one at \o.

Proof. For ¢, T&€1 and N in some region 0<’)\—7\o[ <p, we can write

G(t’ T, )\) = Z hi(l) T)()‘ - >‘0)iy
i=—p

with k;(t, 7) = (1/271) [¢(G(¢, T, N)/ (A —No) *+1)d\, where C can be taken as the
circle [)\—MI =po<p in the positive sense. We must show that k(¢, 7) =0 for
1< —2. Since G(¢, T, \) is continuous on C, Ihi(t, 7-)| <A/p' for t, TEI with
A independent of 7. Thus the series for G(¢, 7, N) converges uniformly in
a=<t, 7=<b for every fixed N in some region 0< I)\—)\o| <p;. Let f be an arbi-
trary continuous function on I and define H(¢, N) = [sG(¢, 7, N\)f(r)dr, so that
H(@, N = 2o, Hit)(N\—No)*, with H.(t) = [ohi(t, 7)f(r)dr. This series con-
verges uniformly on I for every fixed N in 0<])\—)\o| =p:. The function
H(t, \) is of class C™in ¢ for such X and is the solution of Lx =AMx+f, Ux=0.
Since H(t) = (1/2w5) [c(H(t, N)/(A—No)*t1)d\, the H(t) are also of class C"
and the series H(f, N) = 2 i _, Hi(t)(A—Xo)* can be differentiated term by
term » times. Substituting in LH=ANMH+f, UH =0, we obtain
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f: A — No)[LH: — {(A = Xo) + N} MH,] = J, f) U;H:X — Xo)P = 0

f=—p i=—p
G=1--,m.

Let 7 be the smallest integer such that H,(t) %0, and suppose < —2. Then
LH, =\MH,, UH,=0, and LH,.; = N\JMH, 1w+ MH,, UH,,;=0. Thus
O = (LHr+ly Hr) - (Hr+l, LHr) "—'ko[(MHH.], Hr) - (Hr+ly MHr) ] +(MH,-, Hr)v
and (MH,, H,)=0, which implies H,=0. Now H(t) = [2ki(t, 7)f(r)dr =0 for
every continuous f if 1< —2, and hence k;(¢, 7) =0 for 1= —2.

LEMMA 2.4. If \o is an eigenvalue of order k and vy, - - « , yi 1S @ correspond-
ing set of orthonormal eigenfunctions, then the residue R(t, ) of G(t, 7, N) at Ao

is — Dk yi(t)Fil(T).

Proof. Since Ly;—AMy;=No—\) My, yi(t) = Ao—N\) oG (¢, 7, \) Myi()dr*
As AN, Mo—N)G(¢, 7, N)—>—R(¢, 7), and thus y;(t) = — [2R(¢, 7) Myi(r)dr-
Since G(¢, 7, \) — K (¢, 7, N) is of class C* and K(¢, 7, N) is entire in N\, R(¢, T)
is also the residue of G(¢, 7, \) — K(¢, 7, N\) at X\o. Then R(¢, 7) = (1/2mi)
-Je[G({t, 7,\) —K(¢t, 7, \) |d\, where C is a small circle about No. Thus R(¢, 7) is
of class C* in ¢t and 7. Since LG=AMG for t#7 and UG=0, LG(¢, 7, N\)
—N MG, 7, N)=AN—No) MG(¢, 7, N), UG=0 for t#7. Expanding G(¢, 7, N)
in a Laurent series about Ay and equating coefficients, L,R(¢, 7) =X M .R(¢, T),
U.R=0. Since R is of class C” in ¢, this also holds for t=7, and R(¢, 7) is an
eigenfunction at No. Thus R(¢, 7) = D_i., ai(7)y,(t), with the a.(r) of class C»
on I fori=1, - - -, k. Using Lemma 2.2 it follows that @:(r) is an eigenfunc-
tion at No, and @;(r) = D_E_; bpyp(7). It follows from y:(t) = — [R(t, ) My(r)dr
that bp;= —d,; and d:(r) = —v:(r), which yields R(¢, 7) = — D_t_; y:(t) §:(7).

THEOREM 2.3. If a function f& D is orthogonal to all eigenfunctions xx, then
[ is the zero function.

Proof. For fE€D we define H(t, \) = [2G(¢, 7, N\) Mf(r)dr. Then H(¢, \) is of
class C* in ¢, meromorphic in A, with at worst simple poles at the zeros of
A(N), and LH=ANMH+ Mf, UH=0. At any pole Ao of G(¢, 7, N), the residue
of G(t, 7, \) is — D%, y:(t)7:(r), where 3, - - -, ¥ are orthonormal eigen-
functions at No. The residue of H(t, \) at No is — Dty y:(t) S Mf(r)§:(r)dr,
which vanishes since f is orthogonal to each y;. Thus H(¢, N\) is an entire
function of X and may be written as Y s a:(¢)N¥, with each a(¢) of class C».
Substitution of this series in LH=NMH+Mf, UH=0 gives La,= M,
Uay=0; Lar=May—, Uar=0, (k=1, 2,--:). We now have (Ma;_1, ax)
= (Laj, ax) =(a;, Lar) =(aj, Mar—1) =(Ma;, ax—1), and thus W= (Ma;, ax)
depends only on j+k, not on j and %k separately. Since H and its first »
derivatives in ¢ are entire functions of N\, #(\) = (M H, a,) is entire in X, A(\)
=D 0o (Mai, a)\i= Do WAL Also, 27 RQN) +h(=N)]= Do Wak? is
entire in . The Schwarz inequality for the inner product (Mf, g) is | (Mf, g)| ?
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< (Mf, f)(Mg, g) for all f, g&D. Thus Wi=(Ma;1, aiy1)?* < (Mai_1, aiy)
(Maiy, @) =WeioWaipe. If W,y#0, then Waif Wai_o S Waiye/ Wa: for
i=1, 2, - - - . This implies that the series Z;";o WeA? has a finite radius of
convergence, which is false. Thus W,;=0. Since Wy=(Ma,, a1), a:(¢t) =0, and
May= La; =0, which yields ay=0. Now Mf=La,=0, and f=0.

Theorem 2.3 implies the existence of eigenvalues for the problem Lx
=AMx, Ux=0 as an immediate corollary. On D we have an inner product
defined by [f, g] = (Mf, g) =(f, Mg). Let H be the Hilbert space completion
of D in this inner product. Then H is a Hilbert space with inner product
[f, g] and norm ”f“ = [f, f]1/2. For any fEH, we define the Fourier coefficients
a, = [f, %] for each eigenfunction x;.

LEMMA 2.5. There is no loss in generality in assuming (Lu, u)>0 for all
u#0 in D.

Proof. We have assumed (Lu, u) = K(u, #), and (Mu, u) =d(u, u) for some
real d>0, K, and all #uED. For any A> —K/d, let Liu=Lu+AMu. Then
(L, u)=Lu, u)+A(Mu, u)>0 for all u&D. The problem L;x=AMx,
Ux =0 has the same eigenfunctions x; as Lx =NMx, Ux =0, and eigenvalues
M.+A. Thus we may use L, in place of L without changing the eigenfunctions,
and we may assume (Lu, #)>0 from the outset. This assumption will be
made in the remainder of this section. We now have 0 <A\ SN = - - -

LEMMA 2.6. If fED, then (Lf, f)= D poy M| ai| 2

Proof. For any integer p, (L(f— D_o_, axxx), f— 2 51 axxi) =0. Thus
(Lf, ) = 28 ax(Lixn, f) = 2201 @u(Lf, %)+ 2 0xer 8x(Laj, i) 20, or (Lf, f)
— 20 Mea( Mxe, f) — 22820 Mear(fy Macw) 4+ 2061 Njasai(Mxj, xi) Z0. Using
the orthogonality (Mx;, xi) =08; and the definition of ax, we obtain (Lf, f)
— 32 Nax|2=0. Since this holds for all p, > s, \i|ax|? converges and
(Lf, )z 2o M| a]

We now examine the convergence of the expansion D_;., awx to the func-
tion f. It is easy to see that the partial derivatives G»-9(¢, 7)=(97/0t?)
-(89/919)G(¢, 7) exist for p, g=<n—1 if t#7 and are continuous for 7. Also,
G@®9(r40, 7) is continuous for & [.

LEMMA 2.7. The series Y poy |x£”(t)l 2/\ converges for j=<n—1 and its sum
is no greater than G479 (t40, ¢).

Proof. Let w(¢) be any function of class C* which is not identically zero
and which vanishes together with its first # derivatives at @ and b. The prob-
lem Ly=w®, Up=0 (j=0, 1,---, n—1) has a unique solution uv;(¢)
= [’G(t, T)w(r)dr. Let v, have Fourier coefficients af. Then Lemma 2.6
gives D 2_, kklaﬂ 2< (Lw;, v;). Integrating by parts and using the boundary
conditions on w, (Lv;, v;) = (w®, v;) = (—1)7(w, v”). But integration by parts
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applied to v{(t) = [2G0 (¢, 1)w@ (r)dr yields

(J)

) = (=1) f G, w(r)dr.

It follows that
b b pb
(Lvj, v5) = (w, f GUa(g, r)w(r)dr) = f f G4 (¢, 1)w()w(r)didr.

Also, al = (v;, Mxi) = (v;, Lax) /M= (Lv,-, xk) /A= (w, xx) /i, and integration
by parts gives ak-—( 1)i(w, x")/M. Thus, for any p, 2.i., )\kl a{| 2
<X, N ()xd (T)W(t)'w(T)dth/)\k Now, substitution in the Bessel
inequality D 5., Mi|a}| 2= (Lvj, v;) gives

j;bj;bl:au.i’ @) — g ,ﬁ”(z)xk (r)/)\k:l w(t)w(r)dtdr =

Since this holds for arbitrary functions w of class C* which vanish identically
outside of a closed subinterval of I, RI[GU-D(t, 7)— D 2., #(#)xd (r)/N\e]
=0, taking real parts. Letting 7—¢, we obtain

(40,02 Z | a(8) |/

(1 7

on a<t<b. Since both sides are continuous, this holds on the closed inter-
val I. Since the inequality holds for all p, GG-D(t+0, £) = D 1, lx{”(t)l’/)\k.

THEOREM 2.4. If fED has Fourier coefficients ax, the series Y gy axx (£)
converges to fD(t) uniformly and absolutely on I for j=0,1, - -, n—1.

Proof.

[S1a0l]

k=g

[ PR RO ”2]

k=q

ZMWI:I E| 2 () |/

k=q

IIA

by the Schwarz inequality. By Lemma 2.7, thls is no greater than
P
S| @ |2GUn(t + 0, 8).
k=q

The convergence of the series for =0, 1, - - -, #—1 now follows from the
convergence of

©
Z )\k I ag |2.
k=1

Thus f— D _+1 axx is a function of class C*—! which satisfies the boundary
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conditions Ux =0, and thus belongs to D. Since f— D s, aix; is orthogonal
to all eigenfunctions, by Theorem 2.3, Y =, axxx converges uniformly to f.
The series can be differentiated term by term (n—1) times since the differ-
entiated series converge.

THEOREM 2.5. If fEH has Fourier coefficients ax, then the Parseval equal-
ity, |Ifl|2= 2or1 | ai| 2, is valid, so that 3 ., awxi converges to f in the norm of H.

Proof. For fED, f= D s, axxi, the convergence of the series being uni-
form. By Theorem 2.4, the series can be differentiated term by term and
Mf= Yy, axMx;, the convergence of this series also being uniform. We can
multiply by f and integrate term by term, giving Hf”2= > oo an(Mxx, f)
=>] ak| 2, The result can be extended to the whole space H by a standard
argument; see for example [1, Chapter 7, Theorem 4.2].

Let ¢;(t, \)[j=1, - - -, n] be the solutions of Lx =AMx which for some
fixed ¢, a <c<b, satisfy ¢* P (c, \) =8, as before (j, k=1, - - -, n). The ¢;
are linearly independent solutions and any eigenfunction x; can be written
in the form x;(t) = D_7_, 74;0;(t, M\&), where the 7;; are complex constants. The
Parseval equality becomes, for any f& H, ||fl|2 = 21 [f, x]lxe, f]
= > 0oy reifwi[f, 05] (04 f]. Here [s, f] is not a true inner product, but merely
a convenient designation for [2M¢.(t)f(t)dt and [f, ¢,] stands for the complex
conjugateof [6;, 7] Let g;\) = [£,¢,]. Then [fll?= Xiy Xy redize M) ).
Let the function p;;(A) be constant except at Ax, p:;(0) =0, p;;(A+0) =p;;(N),
and pij(\e+0) —ps; A\ —0) = D_,7piFp;, the sum being over all p such that
Ao =M. The matrix p=(p;;) is hermitian; p(A) =p(\) —p(u) is positive semi-
definite if A\>u, A= (4, A\]; and the total variation of p; is finite on every finite
M-interval. The matrix p is called the spectral matrix for the problem Lx
= ANMx, Ux = 0. The Parseval equality now takes the form Hf”2
= (2. D1 8(\)giN)dpi;(N). We can also write the expansion theorem in
terms of the spectral matrix. By a straightforward argument we obtain f(¢)
= %0 20y bit, N)g;(N\)dpi;(\), where the integral converges to f in the norm
of H. Note that these reformulations of the Parseval equality and the ex-
pansion theorem do not depend on the assumption (L%, #) >0 for all u&D
made after Lemma 2.5, but require only the original hypothesis (Lu, «)
= K(u, u) for u&D.,.

It will be convenient to denote functions such as G when considered as
functions of ¢ for fixed r by G( , 7), and when considered as functions of 7
for fixed ¢ by G(¢, ).

THEOREM 2.6. The spectral matrix p satisfies 2¢ Im )\ff,o(dpjk(a)/hr—)\] 2)
= (§7++=2/9ti-19r* 1) H(c, ¢, N), where Im N=£0; j, k=1, - - -, n;and H(t, 7, N)
=G(t, 7, \)—G(, T, N).

Proof. If Im A0, Im u = 0, let # be the solution of Lu — AMu

=MG( ,7,u), Un=0. Then u(t) = [JG(¢, s, \) MG(s, 7, p)ds. Let v=G( , 7, \)
G(, 7, u), and then v € D. Also, Lv = LG( , 7, ) — LG( , 7, w)
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= AMG( ,7,N\) — uMG( , 7, u) =ANMv 4+ N — p)MG( , 7, u), and thus v
=M\—m)u. Now G(t, 7, \) —G(¢, 7, u) =A—p) [20G(t, s, N MG(s, T, u)ds. We
take u=X, and then 2: Im M\f2G(¢, s, N)MG(s, 7, N)ds=H(t, 7, \). Since
G(s, 7, A)=G(r, s, N), this yields 2¢ Im Af2G4O(¢t, s, N)MGO®(r, s, N)ds
— 07 /ovart)H(, T, N) for j, k=0, 1,---,n—1. From L, = \Mx,
+M\,—=N)Mx,, Ux,=0 it follows that x,(t) =\, —N\)[3G(¢, s, N) Mx,(s)ds.
Thus G*-9(¢, s, \) has Fourier coefficients 2 (¢)/ (\,—M\), and by the Parseval
equality,

2iIm A Y xy (D% (1)) | Ap — A |2

p=1

b . . .
=2iIm2A f G, 5, VMG (r, 5, N ds = (87 Jalar )V H(, 7, N).

Setting ¢=7=c¢, and using ¢{"""(c, \) =0, and the definition of p;;, we ob-
tain the desired result.
If the coefficients of M are real, we can write

Mx = Y (@9/de) [gu-ii)(dix/dt?)],
=0

with m =25 and g,_; of class C*on a £t =b. If M has this form, if (—1)g,_(¢)
=0, and if the boundary conditions Ux=0 include the m conditions x(a)
=x'(a)= -+ =xC¢"V(a)=x(b)=x'(b)= -+ - =xC"D(h) =0, then it is fairly
easy to see that the space H is the set of all complex-valued functions f of
class C*~! on I such that f®1 is absolutely continuous on I, f & L*(I), and
fl@)= - =feV(@)=fb)= - =f6D(h)=0. The norm of H is given
in this case by [|f]|2= 2_50 (= 1)i/2.—:(t) | (dif/dt)| 2dt.

3. The existence of the spectral matrix in the singular case. We now
wish to consider the case where the coefficients of L or M have singular be-
havior at both ends of the interval [a, ] or where a = — o, b= . It suffices
to examine the case of the infinite interval. For any finite subinterval §
= [a, B] of I we assign boundary conditions Usx =0 such that the boundary
value problem Lx= Mx, Usx=0 on § is self-adjoint and the results of §2 are
valid. We now assume that there exist real constants K and d>0 such
that if » belongs to any D;, (Lu, u);=K(u, u); and (Mu, u)s=d(u, u)s,.
Here D; denotes the set of functions of class C* on § which satisfy Us;x=0
and (u, v); denotes the L%inner product on 8. The new inner product on
& will be denoted by [«, v]s the norm by ||«||s, and the corresponding Hil-
bert space by H;. For any such subinterval § there exist real eigenvalues
A2 K/d and orthonormal eigenfunctions xs(¢), with [xs;, xs ]s=8;z. For any
fEH; we have the Parseval equality, ||f][3= /=« D rs-1 Z5:(\)gs;(N)dpsi;(\), and
the expansion theorem f(£) =/ D 7,1 $i(t, N)gsi(A\)dpss;(N), with equality in
the norm of H;. Here gs;= [f, ¢;]s, xa(t) = Z};l ;05 (t, Nex), and ps;; depends
on the interval 4.
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We have shown the existence of a Green's function G; for the problem
Lx=\Mx, Usx=0 on 6. We will prove the existence of a sequence of intervals
4, tending to I such that Gs, converges. We have established a relation be-
tween G; and p;, and a limiting process will prove the existence of a spectral
matrix p for the infinite interval. It is known that there exists a function
K(t, 7) which serves as a kernel in the variation of constants formula for the
solution of Lx=f. This function K is such that [;K (¢, 7)f(7)dr is a solution of
Lx=f on any subinterval § of 7, and K has the same differentiability prop-
erties as any Green’s function. In particular, K®~1.9 has the same discon-
tinuity at t=7 as G109 if G is any Green's function, and G—K is of class
C~1! as a function of ¢£. We will choose K (¢, 7) to be the function K(¢, 7, 0)
of Theorem 2.1, so that K(¢, 7) =0 for ¢ <7.

LEMMA 3.1. The set of functions {G;} 1s uniformly bounded, and for n>1,
equicontinuous on every compact (¢, v, N) set where Im N#£0. If n=1, t=1 s
expected.

Proof. Let the closed interval §, be contained properly in the closed inter-
val 8;, which in turn is contained properly in I. Let { be any real-valued func-
tion of class C* on I such that {(¢) =1 for tEd, and {(t) =0 for t& ;. Define
the function J(¢, 7)=¢(@)K (¢, 7) and let &8y, 6:C8. Then u=Gs( , 7, N)
—J( , 1) is of class C" on 8 except at t=7. In addition, « satisfies the bound-
ary conditions Usu = 0, and Lu — NMu = L,Gs — L,J — AM,Gs + ANM.J
=(M;—L,;)J, where the subscript ¢ indicates that the operators L and M
are applied to Gs and J considered as functions of ¢. For convenience, we
denote AMJ(¢, s)—L.J(¢, s), for each fixed s€d, by f(¢). Then f(¢) is con-
tinuous except at t=s, and, since J(¢, s) =0 for t<s and t&3d;, f(¢) =0 for
t<s and t& 8. Now we can write u(f) =Gs(¢, 7, N) — J (¢, 7) = [5Gs(¢, 7, N)f(r)dr
= [5,Gs(t, 7, N)f(r)dr. If 8= [, B] this becomes u(t) = [(Gs(t, 7, N\)f(r)dr for
each fixed s€34. If t<s, we may differentiate under the integral sign (n—1)
times. Because of the discontinuity of G at t=7, we obtain %™ (t)
= [EGO(t, 7, Nf(r)dr +f()/po(t). It follows easily that Lu=NMu-+f for
t<s. At t=s, uV is continuous since # @D (t) = [FGP10(, 7, N)f(r)dr re-
gardless of whether t<s or ¢>s. Also, #™(¢) has a simple discontinuity of
magnitude f(¢)/po(t) at t=s. Since u is of class C*~! and L is assumed formally
self-adjoint, it is easily seen, using the fact that Usu=0, that (Lu, u)s
= (u, Lu)s, which yields 2¢ Im N(Mwu, u);=27 Im (u, f)s. We now use |||y||[5
to denote the usual L2-norm of any function y on 8. The Schwarz inequality
gives |Im | (Mu, u)s=|Im(u, il = | (u, Nl <[[lulllslllfll]s,. Since (3w, u)s
= dl||«]llz, |Im N -||l«l|ls < &Y||fllls. Applying this inequality to u
=G6( 1Trx) _J( ,T) fOl‘Tan, |||Gﬁ( vTvx)IHliéluj( ’T)l[lﬂl_{'(l/dl Imxl )|”f|”61
In addition, Gs(t, 7, N)=J(t, )+ [5,Gs(t, s, Nf(s)ds yields |Gi(t, 7, )|
<|J7¢ o] +Gs¢ , M|alllfllls Thus {Gs} is uniformly bounded for
TE&Bo, 66, and X in any compact set S in the A-plane where Im A0. The
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symmetry relation Gi(t, 7, \) =Gs(r, ¢, X) shows that {G;} is uniformly
bounded for ¢, &8y, 681, AES, provided S is chosen symmetric about the
real axis in the A-plane. For n>1,

.1 (0,1)

G (t) T, >‘) =J (ts T) + Gﬁ(t) S, )‘) (a/af) [)‘MJ(S; T) — LB](S’ T)]ds’

5y
and the Schwarz inequality gives the uniform boundedness of the set {G®"}
for t, 1E8y, NES. The symmetry relation ensures the uniform boundedness
of {G®}. Since {Gs} is uniformly bounded and analytic in A, {(3G;/dN)}
is uniformly bounded. The uniform boundedness of all first order partial de-
rivatives implies the equicontinuity of the set {G;}.

This lemma, together with Ascoli’s theorem, proves that there exists a
sequence of intervals é,, contained in I and tending to I as r— « such that
the corresponding Green’s functions G,=G;, converge uniformly on a fixed
compact subset I'; of a <#, 7 <b, Im A0, which is symmetric about the real
axis in the A-plane. A subsequence will tend to a limit function uniformly on
a compact subset I'; DT';. By taking a sequence {I‘;} tending to a <¢, <5,
Im A0, and using the diagonal process, we see that there exists a sequence
of Green’s functions G, which tend uniformly on any compact subset of
a<t,7<b,Im X0 to a limit function G defined for ¢, €I, Im A0. Because
of the uniform convergence, G is continuous in (¢, 7, A) and analytic in X\. The
relation G,(t, 7, N) =G,(r, t, X) implies G(¢, 7, \) =G(, ¢, ).

THEOREM 3.1. Let G be the limit of any convergent sequence of Green's func-
tions G, of the set {Ga}. Then G is continuous in a<t, 7<b, Im N0 (¢t=1 if
n=1), analytic in X\ and has the following properties:

(i) G*.9 exist and are continuous in a <t, 7 <b, Im N0 for k=0, 1, - - - .
n—2. GO=1L.Y gud G™O are continuous in t<t and t=71.

(i) G107z 40,7, N\) —=G1L.O (7 =0, 7, N) =1/po(7) for a <7 <b.

(iii) As a function of ¢, G satisfies Lx =NMx if t 7.

(iv) G(t, 7, \)=G(r, t, N).

(v) G(¢, , N) belongs to the class L*(I).

(vi) If fEL(I), the function v defined by v(t) = [iG(¢, T, N\)f(r)dr belongs to
L3(I) and Lyv=AMv-f.

Proof. The representation
Gst, 7, N)=J(¢t, 7)+[5,Gs(t, s, N)NM,J (s, 7) = L,J (s, 7)]ds

may be differentiated with respect to 7 #—1 times under the integral sign.
Taking d=20, and letting r— «, we obtain similar formulae for G instead
of G;. This proves the existence of the partial derivatives G©*) and the
relation (iv), which has already been proved, proves the existence of the
partial derivatives G*:9. It is also clear that G"~1.9 has the same dis-
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continuity at t=7 as K®~ 1.9 which proves (ii). It follows from the repre-
sentation G(¢, 7, \) =K (¢, 7) +[5,G(¢, s, N) [N\M,—L,]J(s, 7)ds that as a func-
tion of ¢, G satisfies Lx =NMx for ¢=£7, which proves (iii). To prove (v), we
use |[|Gs( , 7, M|[s=||TC, o)l|s+(1/d] Im X))]||fl]|s, where f is defined as
in Lemma 3.1. There exists a constant 4 depending only on §, and 6; such
that ||[Gs( , 7, M|||s= 4/ Im N])(|A] +1)+4. For §C8, |||Gs(, =, M]3
<|||Gs( , 7, M)||]s, and letting §—T via the sequence 6, and then §—1I, we see
that G( , 7, \) €L*(I) for any fixed (7, X\), Im A5£0. For fixed (¢, N), Im A0,
G(t, , N EL*I) by the symmetry relation (iv), and (v) is proved. Finally,
if fEL2(I), then by (v) the integral [’G(¢, 7, N)f(r)dr [a <t <b, Im A40] con-
verges absolutely and uniformly in ¢ for any compact subinterval of I. It
defines a function »(¢), and in exactly the same manner as in [1, p. 277] it
may easily be verified that v&C*!, »~D is absolutely continuous, and
Ly=X\Mv+f. If fEL2(I) and u(t)=[:Gs(t, 7, N)f(r)dr, then Lu—AMu=f,
Usu=0. The self-adjointness condition (Lu, u)s= (u, Lu); gives AMu-f, u)s
= (u, NMu+f)s, which gives 2¢ Im N(Mu, u)s= [5(uf —fa)dt. Then dl Im A
Allullli = |Im N (Mu,w)s < [l = llulllf]|£]lls, and  thus |||l
<(@1/d| tm X])|||7]lls- Letting 8 =8,, 7— , we obtain |||o||| < (1/d| Im X])|||f]]],
which proves v& L%(I).
If G is the limit of any convergent sequence {G,} of the set {G;}, we
define H(t, 7, \)=G(t, 7, N)—=G(¢, 7, X), Psr(\) =H"*"P (¢, ¢, N), and
P;(\)=HG1kD(c ¢, N) forj, k=1, - -, n.

TueoreM 3.2. Let {G.} be any convergent sequence of the set {Gs} and let p,
be the spectral matrix associated with G,. Then there exists a hermitian non-
decreasing matrix p, whose elements are of bounded variation on every finite
N-interval, such that p,(N2) —p, (M) —pA2) —p(\1) as r— < if p is continuous at
A1 and .. At such N\ and )\2, pjk()\z) —pjk(xl) = (1/27&'1) lime_.o.'_ f)):fP,k(v+1e)dv

Proof. By Theorem 2.6, 25 Im A[%.(dp,x(c)/|o—\|?) = P.(\). Taking
A =1 in this relation and using the fact that p,;; is monotone it follows that
J? o(dp,i;(0)/(14a2)) S P,;;(1)/2i. Tt is easy to see that HI V(¢ 7, \) is
continuous for 7, k=1, - - -, n; Im X520 and that H¢~"*" tends uniformly
to H@=14=1 on any compact (¢, 7, A) set where Im As£0 for j, k=1, - - -, n.
It follows that P,;;(1) — P;;(1), so that P,;(z)/2¢ is bounded and
2 (dp,ij(0)/(1+0?%)) <A for some constant 4 and j=1, -, n. Thus
lpm(a)| <A(140?), and if A=Ay, N, prix(A) =pre(N2) p,]k()\l) the inequal-
ity Ip,,k(A)| =p-jj(A)p1x(A) shows that the total variation of p,jx on any
finite N-interval is bounded independent of r. The Helly selection theorem
implies the existence of a subsequence of {p,} tending to a limiting matrix p.
Since each p, is hermitian, nondecreasing, and has bounded variation on every
finite A-interval, the limiting matrix p also has these properties. If Im A0,
Im Xp0, we considerff,o(l/[ o—\|2— l/l o —No| 2)dp,;x(c) over the intervals
(— oo, —u), (—u, u) and (u, »). If we let r— o and then u— «, this tends
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to the same expression with p.jx replaced by p;. But the original integral
has the value P,;x(N\)/2: Im X — P,;x(No) /22 Im Ny, which tends to Pj(N) /22 Im X
—P;x(\o)/2i Im \g as 7— . Thus Pi(N) =2¢ Im N[[= . (dpj(0) /| o —N\| 2) +1],
where & is a constant independent of N, for Im A0. Now, if p is continuous
at Mand Ay, lime.oy [X2Pj(v+i€)dy=lime.ot/32) 7« (2i€dpsr(a)/ (0 — )2+ €?))dv
=2mi[p;x(\2) —p;x(\1) ], interchanging the order of integration. Since P,
— P, it follows that p,(A2) —pr(A1) —=p(N2) —p (A1), and the theorem is proved.

If it is assumed that the equation Lx =XMx has no nontrivial solutions
in L?(I) for any A with Im A5£0, the Green's function of Theorem 3.1 is
unique since the difference between any two functions with the properties
(1)—(vi) of Theorem 3.1 is a solution of Lx =AMx which is in L2(I), and which
therefore must vanish identically. In view of Theorem 3.2, any condition
which implies the uniqueness of the Green'’s function also implies the unique-
ness of the spectral matrix p.

4. The Parseval equality and the expansion theorem in the singular case.
Let D denote the set of functions of class C* which vanish outside a finite
subinterval of I, and let H be the Hilbert space completion of D in the inner
product [f, g] = (Mf, g) = [1Mf(t)g(t)dt. Then H is a Hilbert space with inner
product [f, g] and norm [|f|| = [f, f]/2. For any limiting matrix p, define the
space L%(p) to be the set of all vector functions g=(g;) [j=1, - -, =]
measurable with respect to p and such that ||g]|2=/. D>2,.; 2:(\)gi(N)dps;(N)
is finite.

THEOREM 4.1. Let p be any limiting matrix. If fE H, there exists g&L2(p)
such that if gs;= [f, ¢;1s, then ||g— gs|| =0 as 8—1. In terms of this g, the Parseval
equality ||f|| =||gl| is valid.

Proof. First consider a function fE€D. If § = [«, 8] and «, B8 are near enough
to a, b respectively, then fED, and [|f]|2=[[f[[; = /== 220,-1 26:(N)gs;N)dpsis V).
We know that A\jx=K/d for all 8, and if A> —K/d, Liu=Lu-+AMu, then
(Lau, #);>0 for all #€D;. Thus (Lif, )= Lif, = D iy Mo +A) | asi[?
= o 2r 1 NHA)Zs(N)gs;(N)dpsi;(\). We take gi=gs;, and then for any
A4>0, (Liff)/A + A4A) 2 [i 20 A+ A/(A + A))z:(N)g;(N) dpsi;(N)
2 [7 2= 8N &N dpsis V). Thus [ [[f[2— S24 20200 2N g5 (N dpsis (V) |
= (Lif, f)/(A+A). Letting 6—1 through the sequence 8., we obtain the same
inequality with ps;; replaced by p;;, and then letting 4— », we see that
gEL¥p) and ||f|| =|lg||. Since D is dense in H, for any fEH there exists a
sequence f® in D such that limy_,, Hf—-f"”“ =0. If g® is the (vector) trans-
form of f®, the Parseval equality applied to f® —f® gives ” &) — f(p)“
=|lg® —g@)||. Since the left side tends to zero as &, p—», g® is a Cauchy
sequence in L2(p), and since L%(p) is complete, there exists g& L%(p) such that
limi., [|g—g®[|=0. We now have [ff| =lims. [[f®]| =lim... [lg®]| =le]],
which gives the Parseval equality for any fEH.

The proof of the expansion theorem requires some results about the oper-
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ator M obtained by Friedrichs in [2]. The Hilbert space H is a subset of
L2(I) and M, considered as an operator on L?(]), has a self-adjoint extension

(also denoted by M) whose domain Dy is contained in H and whose range is
dense in L2(I).

LeMMA 4.1. If fEH and PEDy, then [P, f]=[tMP¢)f(t)dt.

Proof. There exists a sequence f; in Dy such that ||f—-f,~”——>0. Since
=72z dl|lf=Ffilll2 [|If=£ill|—0. There exists a subsequence, also denoted
by f;, which converges almost everywhere to f. Since f, f;, and MP all belong
to L*(I), MPJ and MPF; belong to L(I). Now MPf,—MPf almost every-
where, and [tMP(t)f;(t)dt— [1MP(t)f(t)dt. By the continuity of the inner
product, [P, f]=lim;., [P, f;] =lim;.,, [iMP@¢)f;(t)dt= [t MP()f(t)dt.

THEOREM 4.2. Let p be any limiting matrix, and let f&H. If g is the trans-
form of f, whose existence is assured by Theorem 4.1, then the expansion f(t)
=/ ZI‘J,, d:(t, N)g;(N)dpi;(N) is valid, where the integral converges to f in the
norm of H, possibly after redefinition on a null set.

Proof. Let A=(u, »] and define fa(t)=La 2 t;m1 0:(t, Ngi(N)dpi;(N\). We
will show that after redefinition of f4 on a null set, f—fa € H and ||f—fa||—0
as A—(— w, o), If fO fOEH have transforms gV, g respectively, then
application of the Parseval equality to f®)-7rf® [p=0, 1, 2, 3] gives
[fo, fo]=[=, ZZ‘J_, 22N gP (N)dpi;(N). Let PEDy and let Q be the trans-
form of P. Then

up@noi = [ 5 aod [ a0 vuroat dao)
I I

A 1,j=1

= | X aM0MNdss(n).
A 7, j=1
Also, [P, fl=/iMP®)f(t)dt=[Z. > t-1 &(N)Q:(N\)dpi;(\), using Lemma 4.1
and the Hermitian nature of p. Subtracting and letting A¢=(— o, o) —A, we
obtain [iMP(f—fa)dt=[se Zﬁj,, 2:(M)0:(N)dp;;(N). Using the Schwarz in-
equality, we find

2

< [ S amemiz0) [ 3 00000

AC 4,j=1 AC 4,5=1

‘ | REIEIAY

Pl [ 2 aMamdzm.
AC i,j=1

By choosing A sufficiently large, we can make | [1MP(f—7.)dt| S €| P| for
any €>0. The bounded linear functional [iMP(f—f.)dt defined for P in
the dense subset Dy of H can be extended to H without increasing its norm,
and this functional can be written as [P, k] for all PEH and some ha EH
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with [|ka]| S e. For PEDy, [1MP(f—Ja)dt=[P, ha]=[t1MPhdt, by Lemma
4.1, and [1MP(f—fa—ha)dt=0. Since the set of functions MP for PEDy
is dense in L*([), it follows that f—fs —ka belongs to L2(I) and is zero almost
everywhere. Redefining f, on a null set if necessary, we have f—fa=hsEH,
and ||f—fa|| ¢, as desired.
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